The "order parameter" of the two-dimensional F-model, namely the spontaneous staggered polarization P0, is derived exactly. At the critical temperature Pc has an essential singularity, both P0 and all its derivatives with respect to temperature vanishing.
INTRODUCTION
The F-model of an antiferroelectric on the square lattice was proposed by Rys (1) and solved by Lieb. (2) It has a phase transition at a critical temperature To. Below Tc the system assumes one of two antiferroelectrically ordered thermodynamic states. These states are degenerate, having the same free energy.
Nagle (3) has pointed out that it is natural to add a staggered electric field E to the F-model. This breaks the degeneracy of the ordered states and is analogous to applying a magnetic field to the Ising model. Unfortunately, this more general and very interesting problem (4) has not yet been solved.
However, we have succeeded in obtaining P0, the zero-field spontaneous staggered polarization, and give the results (which have already been reported ('5)) and their derivation here. This P0 is the "order parameter" of the model (i.e., the analog of the spontaneous magnetization of the Ising model).
It varies from unity at zero temperature (complete order) to zero at To (disappearance of crystalline order).
We now define the model, which is actually a generalization of the F-model, containing it as a special case.
Consider a rectangular lattice of M rows and N columns, wound on a torus so that cyclic boundary conditions apply. Throughout this paper we take M and N to be even. Thus we can divide the lattice into A and B sublattices such that each A site has only B sites as neighbors and vice versa.
Place arrows on the bonds of the lattice so that at every site, or vertex, there are two arrows pointing in and two out (the "ice condition"(6~). Then there are six possible configurations of arrows at a vertex, as shown in Fig. 1 . We associate energies E 1 ..... E G with these configurations and suppose that ez = E2, e3 = e4, e5 = % (1) e 5 < min(q, ~3) (2) [We remark toward the end of this section that the restrictions (1) are not essential. However, they help us fix our ideas.] We also associate energies E (E') with vertical (horizontal) arrows that point into A sites, and correspondingly energies --E (--E') with arrows that point out. The partition function is then
where/3 = 1/kT, the first summation is over all allowed configurations of arrows on the lattice, Nv and Nn (Nv' and Nil') are the number of vertical and horizontal arrows, respectively, that point into (out of) A sites, and N~ is the number of vertices of type j. From the ice condition the number of arrows into A sites must equal the number out, so Nv + N~ = Nv' + Nn' (4) From this and (3) it follows that Z depends on E and E' only via their difference E --E'. Hence Z is a function of M, N, T, and E --E'. The six possible configurations of arrows at a vertex.
